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Entanglement detection is one of the fundamental problems in quantum information science. On the one hand, it is crucial for experiments, since the question of whether or not a produced state is entangled may decide whether or not a given experiment has been successful. On the other hand, it is also a challenging task for theoreticians, since the separability problem is, despite a lot of progress in the past years, essentially not solved.
In most of the experiments, so-called entanglement witnesses are used for entanglement verification [1] [2] [3] [4] [5] [6] [7] . These are linear inequalities for mean values of certain observables; if the inequality is violated, the state must be entangled. For instance, Bell inequalities are such linear inequalities and may hence be viewed as entanglement witnesses. The question of whether one can use nonlinear inequalities for entanglement detection has also been discussed, and many nonlinear criteria are known [8] [9] [10] [11] [12] [13] .
In this situation, it is natural to ask whether it is possible to improve a given linear witness by some nonlinear expression. For discrete systems, two examples for such an improvement are known. Uffink showed that certain Bell inequalities can be improved by nonlinear expressions [9] . Recently, Hofmann and Takeuchi proposed separability conditions called ''local uncertainty relations'' [10] , which can improve witnesses in some cases [11] . For continuous variable systems, it is known how to summarize certain families of linear inequalities to a single nonlinear one [12] .
In this Letter, we provide a method which allows us to improve all entanglement witnesses for discrete bipartite systems by nonlinear expressions. Surprisingly, this works also for optimal entanglement witnesses, that is, witnesses where no other linear witness is stronger. Because of the simplicity of our method, the nonlinear witnesses may be used from the beginning, without considering linear witnesses anymore. Our method allows us to calculate such nonlinear witnesses to an arbitrary order. We discuss in detail the strength of our constructions for the case of two qubits. Interestingly, when implemented in an experiment, the nonlinear expressions in our constructions often require measurement of the same observables as the original witness. This allows for an improved entanglement detection without any extra effort.
Without losing generality, we consider witnesses W as observables with a positive mean value on all separable states; thus, a negative expectation value signals the presence of entanglement. Our aim is to find a nonlinear witness F as a functional of the type F % TrW % ÿ X% which still should be positive on all separable states. Typically, the nonlinearity X% will be a quadratic polynomial of certain expectation values. We consider only F % which are strictly stronger than the witness W . That is, we require that F % detects all the states that are detected by W and some states in addition.
Let us explain the main idea for the case of witnesses coming from the separability criterion of the positivity of the partial transpose (PPT) [14] . By definition, a quantum state % shared between Alice and Bob is separable if it can be written as a mixture of product states, that is, (2) is by no means specific: Since the PPT criterion is necessary and sufficient for low dimensions, witnesses of this type suffice to detect all states in these systems. Furthermore, such witnesses can be shown to be optimal [5] .
To improve the witness from Eq. (2) with nonlinear terms, first note that a functional like hXihX y i is convex (see Lemma 1 in Ref. [13] ). This implies that a functional like G hAi ÿ
Let us assume that we have chosen A jihj, X i jih i j for an arbitrary j i i and take a separable state %. Then % T B is again separable and can be written as a convex combination of product states,
Thus, if the polynomial P is positive on all product states, by concavity the functional G is positive on all separable % T B . Then, with the chosen X i ,
is a nonlinear improvement of the witness W jihj T B .
It is important to note that a term like hX T B ihX T B y i in Eq. (4) -(a) Let W jihj T B be an entanglement witness. We define X i jih j for an arbitrary j i and s as the square of the largest Schmidt coefficient of j i. Then
is a nonlinear improvement of W .
(b) If we define X i jih i j, i 1; . . . ; K, with an orthonormal basis j i i, then
is also a nonlinear witness. Proof. (a) The squared overlap between a state j i and a product state is bounded by the maximal squared Schmidt coefficient [2] ; thus, P in Eq. (3) ᮀ This observation provides a whole class of nonlinear improvements; one may pick an arbitrary j i and compute the corresponding nonlinearity. In special situations, one can also adjust the improvement: If an experiment produces the state %p p% e 1 ÿ p% n , which is a mixture of an entangled % e and some noise % n , a given witness may detect the states only for p > p crit , i.e., TrW %p crit 0. Now one can choose the j i in a way that the nonlinear terms are large at %p crit , which leads to a significant improvement of the witness for the states of interest. (8) is fulfilled, then Eq. (7) also holds; thus, the witnesses of the type F 1 are stronger. Furthermore, Eqs. (7) and (8) are never fulfilled for PPT states.
Proof. The proof is given in the Appendix. ᮀ Let us add that with the same idea witnesses with higher nonlinearities, e.g., of fourth order, can also be derived. To do so, note first that functionals like G hAi ÿ hBi hB y i ÿ hCi 2 hC y i 2 are also concave in the state. If we choose A jihj, B jih 1 j, C jih 2 j, we arrive at a similar expression as in Eq. (3). Now P is a polynomial of fourth order that has to be positive on all product states [15] .
To give an example which we will investigate later, let us assume that j 1 i, j 2 i, and ji form an orthonormal set, where the biggest squared Schmidt coefficient from j 1 i, j 2 i is 1=2 and the one from ji is s 1=2. Then
is a nonlinear witness of fourth order. The positivity of the polynomial P can directly be checked. It should, however, be noted that higher orders do not necessarily provide witnesses which are much stronger than the witnesses with quadratic nonlinearity. The reason is that we are not trying to approximate the curvature of the convex set of separable states (in which case higher polynomials would be clearly an advantage): In our approach, we also require the concave functional to be positive on the convex set of separable states, which makes the situation more complicated.
Let us discuss an application to two-qubit systems. A generic optimal witness for a two-qubit system is
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170502-2 ji cosj00i sinj11i:
It is useful to express all quantities directly in expectation values for observables. We use the abbreviations s sin, c cos, s 2 sin2, c 2 cos2, and x 1 x 2 h x x i, y 1 h y 1i, etc., here. The witness is then
To construct improvements, we choose the four vectors j 1=2 i j00i j11i= 2 p , j 3=4 i j01i j10i= 2 p , where the upper signs hold for i 1; 3, and compute the corresponding X i jih i j, which leads to the four nonlinear correction terms X i : hX With these nonlinearities, the nonlinear witnesses F 1 , F 2 , and F 3 according to Eqs. (5), (6), and (9) can directly be written down. Note that, especially for c s, several quadratic terms in the X i can be measured with the same measurements as in Eq. (12) . Thus, their implementation requires no extra effort.
To investigate the power of these new criteria, we consider the family of states % 1 ÿ jihj T B =3, which are separable, but they lie on the boundary of the set of separable states, since TrW % 0. For different , we generate randomly states % r with k% ÿ % r k 0:2 in the Hilbert-Schmidt norm [16] . For the entangled states in this ball, we determine the probability of detecting it via the witness W and via a nonlinear criterion. First, we consider F 1 as in Eq. (5), using j 2 i and 2X 2 . Then we consider F 2 as in Eq. (6), using all nonlinearities. We also test the criterion in Eq. (7), corresponding to all possible F 1 . Finally, we investigate F 3 from Eq. (9) using j 3 i, j 4 i, and s c 2 . The results are shown in Fig. 1 . Clearly, the nonlinear criteria improve the witness significantly [17] .
Let us now discuss generalizations of our approach to other entanglement witnesses, which are not related to the PPT criterion. This can be done via positive maps [18] . Let H B and H C be Hilbert spaces and let BH i denote the linear operators on it. A linear map : BH B ! BH C fulfilling X 0 for X 0 and X y X y is called positive (P). A positive map is completely positive (CP) when for an arbitrary H A the map I A is P; otherwise, it is positive but not completely positive (PnCP). Here I A denotes the identity on BH A . For example, the transposition is PnCP: While X 0 implies X T 0, the partial transposition does not preserve the positivity of a state. Indeed, it has been shown [4, 18] that a state % 2 BH A BH B is separable iff for all P maps the relation I A % 0 holds. Consequently, if % is entangled, there must be a trace decreasing PnCP map where I A % has a negative eigenvalue ÿ and a corresponding eigenvector ji. Taking I A as the adjoint of the map (I A ) with respect to the scalar product TrX y Y, a witness detecting % is given by
since we have TrW TrI A jihj TrI A %jihj ÿ . Replacing the partial transposition by the map I A , this witness can then be improved as in Observation 1.
For an arbitrary witness, we make use of the Jamioł-kowski isomorphism [18, 19] between operators and maps. According to this, an operator E on BH B BH C corresponds to a map ": BH B ! BH C acting as "% Tr B E% T 1 C . Conversely, we have E I B 0 "j ih j where H B 0 H B and j i P i jiii is a maximally entangled state on H B 0 H B . The key point is that if E is an entanglement witness, then " is a PnCP map [18, 20] . Hence, any witness can be written as in Eq. (14), and finally we have: Theorem 1.-Any bipartite entanglement witness can be improved by nonlinear corrections using the methods of Observation 1.
In conclusion, we have shown that all bipartite entanglement witnesses can be improved by nonlinear expressions. These nonlinear witnesses are straightforward to calculate and can also be directly implemented in experiments, often without any extra effort. It is tempting to extend these constructions to the multipartite scenario. Here this challenge remains undone.
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